Relation Between IQHE and FQHE with Berry Phase by Banerjee, Dipti & Bandyopadhyay, Pratul
Indian J. Phys. 69A (1), 147 -  152 (1995)
I J P  A
— an intemarional journal
RELATION BETWEEN IQHE AND FQHE WITH BERRY PHASE
Dipti Banerjee
and
Pr a t u l  Ba n d y o p a d h y a y
Indian S t a t i s t i c a l '  In s t i tu t e  
C a lcu tta—700 035, INDIA.
Abstrac t i  I t  i s  shown here that a p a r t i c l e  in an 
intense magnetic f i e l d  may acqu ire  the Derry phase 
and the to p o lo g ic a l  fe a tu re s  a ssoc ia ted  w ith  t h is  
phase may be taken to be re sp o n s ib le  fo r  both IQHE 
and FQHE. The two d i f f e r e n t  m an ife s ta t ion s  o f  
quantum H a l l  e f f e c t  has been r e a l i z e d  in a u n i f i e d  
scheme where the e le c t ro n s  a sso c ia ted  w ith
f r a c t io n a l  quantum H a l l  e f f e c t  are found to be in 
e xc ited  s t a t e  having h igher  angu lar  momentum.
Keywordst Quantum H a l l  E f f e c t ,  Derry  phase.
Quantum phenomenon C l1 in H a ll  e f f e c t  1b
obsvered when the co n d it io n  h<a> >k T i s  ach ieved  f o r
c D
which the tran sverse  c o n d u c t iv i t y  o r  H a ll  
c o n d u c t iv i t y ,  <r  ^ = a  * ve  /h (where u »  in te g e r  o r  
f r a c t io n )  remains constant o ve r  f i n i t e  in t e r v a ls —
pla teaus  w ith  the v a r ia t io n  o f  magnetic f i e l d  o r
c a r r i e r  d en s ity .T h e  IQHE f o r  in te g e r  u i s  b e l ie v e d  
to be* a m a n ife s ta t ion  o f  the n o n - in te ra c t in g  
e le c tr o n s  in presence o f  im purity  in the sample.On 
the o th e r  hand FQHE f o r  f r a c t i o n a l  v  i s  b e l ie v e d  to  
a r is e  from a condensation  o f  the two d im en s ion a l(2D)
©1995IACS
e le c tron s  in to  a new c o l l e c t i v e  s t a t e  o f  m atter  as a 
re su lt  o f  rep u ls ive  in te r - e le c t r o n  in t e r a c t io n s .
The fundamental d i f f e r e n c e  between IQHE and 
FQHE l i e s  in the fa c t  that the l a t t e r  i s  observed in 
extrem ly c lean sample in co n tra s t  to  the s i tu a t io n  
when impurity is  found to  be an e s s e n t ia l  in g red ien t  
f o r  pronounced in t e g r a l l y  quantized  H a l l  e f f e c t .  
This e s s e n t ia l ly  d i f f e r t e n t  fe a tu re  prompted many 
authors to suggest that the two types  o f  quantum 
Hall e f f e c t  might nothing common in th ese .
JainC21 f i r s t  proposed that the two d i f f e r e n t  
m a ifes ta t ion  o f  IQHE and FQHE can be d e a l t  in 
u n if ied  scheme with same u nder ly ing  p h ys ic s .  He 
posed the f r a c ta t io n a l  quantum H a ll  e f f e c t  o f 
e lec tron s  as m an ifes ta t ion  o f  the in t e g e r  quantum 
Hall e f f e c t  o f  composite fe rm ion ic  o b je c t s  cons is t in g  
o f  e le c tron s  bound to  f lu x  quantum.
In th is  paper we want to  p o in t  out tha t  the 
externa l in tense magnetic f i e l d  causes c h ira l  
symmtry breaking o f  e le c tron s  (H a l l  p a r t i c l e s )  and 
as a r e s u lt ,  anomaly is  r e a l i z e d  through Berry 
phaseC31 in a ssoc ia t ion  with the q u a n t iz a t io n  o f 
Hall c o n d u c t iv i ty ,when t o p o lo g ic a l  fea tu res
associated with space—time p r o p e r t ie s  are taken into 
account. Indeed, we here po in ted  out th a t  a common 
o r ig in  between both IQHE and FQHE can be drawn from 
angular momentum aspect where p a r t i c l e s  a ssoc ia ted  
with f r a c t io n a l  quantum H a ll e f f 'e c t  are  found to  be 
in exc ited  s ta te  having h igher angu lar momentum.
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Here we fa l lo w ed  the tech n ica l innovation  
described by HaldaneC43 where he cons idered  2D 
e lec tron  gas o f  N p a r t i c l e s  an the sp h e r ica l  su r face  
of radius R, in a r a d ia l  (monopale) magnetic f i e l d  
B^hS/eR2 ( >0 ) where 2S is  an in teger .T h e  dynamical 
angular momentum fo l low ed  by a s in g le  p a r t i c l e  is
A * r k [ - ih 7  + e A (r )  ] Cl)
This monopole type behav ior can be r e a l i z e d  through 
the a n is o t ro p ic  fea tu re  o f  lo c a l  three dimensional 
space where the momentum coord in a te  do not 
commuteC51.
k
Uk K
[ P- .Pi ] ■ J — —  <2>
v J r a
In fa c t ,  the motion o f  a charged p a r t i c l e  in the 
f i e l d  o f  magnetic m onopole ,is  eq u iva len t  to  the 
motion o f  the p a r t i c l e  in the a n is o t ro p ic  space 
where the conserved angular momentum is  g iven  by
J * rxp -  pjr (3 )
Here is  the measure o f  an iso tropy  which behaves 
l ike  the s tren g th  o f  magnetic monopole.
In analogy between the qu an t iza t ion  o f  H a ll  
p a r t ic le  w ith  the sp in  p o la r iz a t io n ,w e  can d escr ib e
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th is sp in  system t?y a d i r e c t io n  v e c to r attached
to a space-tim e p o in t when the two op p os ite
o r ien ta t io n  o f g iv e r i s e  to  two op p os ite
h e l i t i e s  correspond ing to  spin  up and spin  down 
s ta te s .  In fa c t  the coo rd in a te  can be denoted asC&l
S '  -  f  *  i? '' -  f  + V *  « “  (a -1 ,2 ) < «)N 2 OL 1
Here i s  a ssoc ia ted  w ith  a two component s p in o r ia l
v a r ia b le  6 . The complex con jugate  o f  t h is  ch ira l  
coord inate  w i l l  g iv e  r i s e  to  the o p p o s ite  h e l i c i t y  
The wave-function  (z^ )=^  (x^ + i£ ^ ) o f  the s t a t e  shoul* 
take in to  account an ex tra  p o la r  c o o rd in a te  tt along 
with r ,0 and Here at s p e c i f i e s  the ro ta t io n a l  
o r ie n ta t io n  around the d i r e c t io n  v e c t o r .  I t  has been 
found that th is  wave function  i s  1 best
described by the sp h e r ica l  harmonics Y^ ’ ^stud iVd  bv
l i *
FierzC73 and HurstC81. F o llow in g  them we can w r i t e
£  i_
Y*;* - . i n (e /2 ) . l<* - « )/21 / 2
_1 £
Y * ’ * .  C O S C 9 / 2 ) . - 1 (*  * * > ' 2
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Y
1
2
c o s (0/2 ) e C +  * , / 2 ( 5 )
Yt*2 * ■ s in  (0 /2 )e~ l
by which we can re form u late  H a ldane 's  wave 
fo r  N -p a r t ic le  as fo l lo w s
v™. = n <u v - «  v >m 
N i> ]  1 J J 1
f u n c t io n
(6 )
where m«=»/V and 0 = t / I
Y-i-sz, i .sz  
t/z
a two 
component 
sp in o r .
E v id en tly  to  fo l lo w  Fermi s t a t i s t i c s  m should be odd
m-1,3,5----- Since m is  an in te g e r ,w e  can id e n t i f y ,
fo l low in g  Haldane,- as m = J . = j  +  j  f Q r  N  ,  3
p a r t i c l e s .  The lowest le v e l "  angu lar momentum i s  J -
^ * ° l ^ l  * * * ^ 2  and be longs  to  ground s ta t *
fo r  rxp * o which leads m = 1 o r  v  * 1 iq HE s ta te s .
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We see tha t  fa l lo w in g  D irac  q u a n t iza t io n  c o n d it io n  
ep »  1/2 th is  v  ■ 1 s t a t e s  have fermion number 1.
H o w e ve r , i f  we con s id e r  the next e x c i t e d  s ta t e  
with rxp * 1 the r e s p e c t iv e  angu ler momentum is  
changed to  J a 3/2 f o r  p -  1/2. Th is  can be viewed 
is  a system w ith  3/2 having rxp * o .  Hence f o r
three p a r t i c l e s  s t a t e  (N * 3 ) where each e le c t r o n  
c a r r ie s  3/2 angu lar momentum the f i l l i n g  fa c t o r  i s  
f r a c t io n a l  f o r  u * 1/m = 1/3 where m = 3/2 + 3/2 c 
3. In t h i s  e x c i t e d  s t a t e  the ferm ion number o f  the 
q u a s ip a r t ic le  i s  1/3.
In th is  way( the 1/5 f i l l i n g  fa c t o r  o f  FQHE 
s ta tes  corresponds to  the e x c i t e d  s t a t e  having rxp c
2. Thus we see tha t w ith  the in crease  o f  angular 
momentum the ground s t a t e  a t  v  = 1 becomes e x c i t e d  
at v »  1/3. Other FQHE s ta t e s  are ob ta ined  from the 
parent s t a t e  w ith  the e f f e c t  o f  m a jo r i t y  sp in .
I t  has been pa in ted  out by many authers tha t
the phenomenon o f  Quantum H a ll e f f e c t  i s  caused by
n o n t r iv ia l  t o p o lo g ic a l  t ran s fo rm a t ion . On the
surface o f  3D sphere the H a ll  w i l l  have the
to p o lo g ic a l  ac tionC 9 ]
d r  9
W. .  ---------- ITr F F d’ «  .h e r . 9 -  —  (7>
0  l 4 n t  J  ^  ^  c *
The t o p o lo g ic a l  term g i v e s  r i s e  to
ch ira l  anom a ly ,is  a t o t a l  d iv e rg en ce  <where
ft^is the Chern-Simon secondary c h a r a c t e r i s t i c  c la s s )  
that measures the t o p o lo g ic a l  indexClOJ q*Jd 0 d4 x.
P" P
The p a r a l l e l  t ra n sp o r t  o f  the quan tized  H a l l  
P a r t ic le  o v e r  a c lo s e d  path g iv e s  the B e r r y 's
t o p o lo g ic a l  phase ezn^ 9 which i s  r e la t e d  to  q 
through q = 2^CU3. Consider ing m * f o r  /u being 
h a l f  in te g e r  we have the requ ired  phase as
<b = mn& = (1 /v'tnf.cr /c2) (6 )
B H
* ( l/ v )n t v e Z/hc*)
Though e v e n tu a l ly  Berry phase seems to  be
independent o f  f i l l i n g  fa c t o r  v , y e t  i t  changes with 
the change o f  e which v a r ie s  from e to  e /9 As v 
changes to  1/3 from 1. We thus conclude th a t  the 
Berry phase w i l l  change from one p la tea u  re g io n  to 
another owing to  the change o f  e f f e c t i v - e  fermion 
number o f  q u a s ip a r t ic le s .  I t  can bee added that the 
phase fa c to r  in p la teau s  f o r  h igh e r  f i l l i n g  fa c to r  
v > 1/5 perhaps cannot be v i s i b l e  due to
c r y s t a l l i z a t i o n  in the H a ll s t a t e s t l 2 ] .
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